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The increasing globalization of world economies in general, and the introduction of the Euro in particular, have raised the issue of multivariate joint modelling. Given these stylized facts of contemporary economic systems, the assumption of joint normality can be no longer realistic and this leads to the problem of finding a more appropriate specification of multivariate models. Copula theory can be a solution to this problem. In fact, the essential idea of the copula approach is that a joint distribution can be factored into the marginals and a dependence function called copula. The dependence relationship is entirely determined by the copula, while scaling and shape (mean, standard deviation, skewness and kurtosis) are completely determined by the marginals.
Copulae have been successfully used in finance and we refer the interested reader to the book by Cherubini et al. (2004) for a detailed treatment of many financial applications.
However, research work dealing with economic issues has been almost inexistent so far, except for a recent work by Granger et al. (2006) who use a copula-VAR-X-ARCH model to test whether a business cycle indicator influences the conditional copula of income and consumption growth.
In this perspective, we propose here a Copula-VAR approach for industrial production modelling and forecasting: we justify this choice because the dynamics of industrial activity is a fundamental indicator of the business cycle and the relevant information is provided without much delay. Besides, since the introduction of the Euro has had important effects mainly on the countries joining the European Monetary Union (EMU), we focus our analysis on EMU data, only.
The first contribution of the paper is a joint empirical analysis, by means of a copula-VAR-X model, of French, German and Italian industrial production, in the period going from the German reunification till the end of 2005, so that the first effects of EMU can be assessed. The second contribution of the paper is a comparison between our copula-VAR-X approach and the usual Normal VAR model. In this perspective, we perform forecasting exercises considering 1-step ahead and 3-steps ahead forecasts, showing that when the marginals are not normally distributed the copula approach yields better forecasts than the Normal VAR modelling, and keeps the same computational tractability of the latter approach. Besides, we remark that while the VAR estimated with OLS is a QML estimator and provides consistent estimates, its behavior in small samples like the one considered in this work can be rather poor. Furthermore, there are cases where QML estimators are biased, too (see Newey and Steigerwald, 1997) . Instead, imposing the multivariate t distribution when only the marginals are leptokurtic while the dependence structure is normal, results in biased coefficients and poor forecasting performances.
The rest of the paper is organized as follows. Section 2 presents the copula-VAR model, while an empirical application of the general approach concerning European Industrial 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Production data is introduced in Section 3. We perform extensive forecasting exercises in Section 4, comparing the performances of the alternative models chosen. Section 5 briefly concludes.
A Copula-VAR model
Consider a general copula-Vector-Auto-Regression model, where the n endogenous variables x i,t are explained by an intercept µ i , autoregressive terms of order p, and an error
Let the standardized innovations η i,t have mean zero and variance one. Furthermore, they have a conditional joint distribution H t (η 1,t , . . . , η n,t ; θ) with the parameters vector θ, which can be expressed as follows, thanks to the so-called Sklar's theorem (1959):
that is the joint distribution H t of a vector of innovations η i,t is the copula C t ( · ; γ) of the cumulative distribution functions of the innovations marginals F 1,t (η 1,t ; α 1 ), . . . , F n,t (η n,t ; α n ), where γ, α 1 , . . . , α n are the copula and marginals parameters, respectively. A copula is a function that links together two or more marginal distributions to form a multivariate joint distribution: consequently, copulae allow us to model the dependence structure among different variables in a flexible way and, at the same time, to use marginal distributions not necessarily identical. For example, F 1,t (η 1,t , ν 1 ) may follow a Student's t distribution with ν 1 degrees of freedom, F 2,t (η 2,t ) a standard normal distribution, while 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 By applying Sklar's theorem and using the relationship between the distribution and the density function, we can derive the multivariate copula density c (F 1 (x 1 ), . . . , F n (x n )), associated to a copula function C (F 1 (x 1 ), . . . , F n (x n )):
4)
By using this procedure, we can derive the Normal-copula, whose probability density function is:
A similar procedure can be followed to derive the t-copula, which is the copula of the multivariate Student's t-distribution. Moreover, a model can allow for time-varying dependence structure. That is, we can use a copula function with a dynamic correlation structure (see for example Chen et al. (2004) and Patton (2004) ). However, recent literature (again Chen et al. (2005) and Patton (2004)) has shown for financial data that a simple normal copula with no dynamics is sufficient to describe the joint dependence structure in most cases. Only when the number of considered variables is higher than 20, statistically significant differences start to emerge and more complicated copulae than the Normal one may be required. Fantazzini et al. (2006) found similar evidence with monthly operational risk data. Since we work with a small number of endogenous variables and monthly economic data, which are known to have a much simpler dependence structure than daily financial data, we stick to a constant normal copula C N ormal t = C N ormal . This copula belongs to the class of Elliptical copulae. 1 
Copula and Marginals Estimation
Let us suppose to have a set of T empirical data of n economic and financial series, and let θ = (α 1 , . . . , α n ; γ) be the parameters vector to estimate, where α i , i = 1, . . . , n are the parameters of the marginal distribution F i and γ is the vector of the copula parameters.
It follows from (2.3) that the log-likelihood function for the joint conditional distribution H t ( · ; θ) is given by:
Hence, the log likelihood of the joint distribution is just the sum of the log likelihoods of the margins and the log likelihood of the copula. Standard ML estimates may be obtained by maximizing the above expression with respect to the parameters (α 1 , . . . , α n ; γ). In practice this can involve a large numerical optimization problem with many parameters which can be difficult to solve. However, given the partitioning of the parameters vector into separate parameters for each margin and parameters for the copula, one may use (2.6) to break up the optimization problem into several small optimizations, each with fewer parameters. This multi-step procedure is known as the method of Inference Functions for Margins (IFM ).
According to the IFM method, the parameters of the marginal distributions are estimated separately from the parameters of the copula. In other words, the estimation process is divided into the following two steps:
1. Estimate the parameters α i , i = 1, . . . , n of the marginal distributions F i using the ML method:α
where l i is the log-likelihood function of the marginal distribution F i ;
2. Estimate the copula parameters γ, given the estimations performed in step 1):
where l c is the log-likelihood function of the copula.
The IFM estimator verifies the properties of asymptotic normality: 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 is known as the Godambe Information matrix. Joe (1997) compares the efficiency of the IFM method relative to full maximum likelihood for a number of multivariate models and finds the IFM method to be highly efficient.
Therefore, we think it is safe to use the IFM method and benefit from the huge reduction in complexity it implies for the numerical optimization.
An Empirical Application: Industrial Production in the main Euro-Zone Economies
The creation of the European Monetary Union (EMU) has increased the importance of business cycle analysis and forecast. Monetary policy is unique for all the 12 countries belonging to EMU and is decided according to the expected future developments of prices and output in the whole Euro area. Indeed, since monetary policy is characterised by operation delays, it must be necessarily forward looking; it follows that a reliable forecast on the pace of economic activity in the subsequent months is of utmost importance in deciding the most appropriate policy stance. As well known, the most commonly used and reliable high-frequency indicator of the business cycle is the industrial production index. 2
In this section therefore we build a copula-VAR model for describing the dynamics of the monthly seasonally-adjusted industrial production index in the three main countries of EMU, i.e. France, Germany and Italy. 3 We follow Stock and Watson's (1998) suggestion to test for unit roots in the variables under scrutiny, as well as to use data-dependent lag-length selection criteria. A careful analysis of the levels and of the first log-differences of the industrial production series, reported in Figure 1 and in Table 1 , shows that non-stationarity is the main feature of the variables over the observation period 1990:01 -2005:12. 4 We considered various criteria for selecting the most appropriate lag order of our copula-VAR models: 5 the optimal choice resulted to be a model with three lags. Besides a trace test showed no cointegration at the 5 % confidence level.
We consider Student's t marginals and a normal copula since Jarque-Bera tests on the original Industrial Production series reject normality for all three cases.
With reference to the model structure, recent literature has shown that in explaining past behavior, but especially in making out-of-sample forecasts, models including not 2 Industrial production forecasts can be subsequently translated into more meaningful and operationally useful GDP forecasts by using bridge models; see. Baffigi, Golinelli and Parigi (2004) . 3 As well known, these 3 countries account for about three fourths of the industrial production of the whole Euro area. 4 We use the Augmented Dickey-Fuller and Dickey-Fuller Test with GLS Detrending (DF-GLS) by Elliott et al. (1996) . 5 See Lütkepohl (1991) for a detailed discussion of the argument. . 7 The last letter at the end of each variable indicates the country to which we are referring; thus F, G and I stand respectively for France, Germany and Italy. All data used in the empirical application have been retrieved from the Eurostat online database. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 • ICI = industrial confidence indicator. Business confidence indicators are commonly recognized as significant leading indicators of industrial output. A different leading indicator might have been represented by the index of production expectations months ahead. It can be checked however that these two series are highly correlated and are therefore interchangeable for our purposes. Confidence indicators, moreover, show a slightly better performance in explaining and forecasting industrial output;
• SPREAD = spread between the long term and the short term nominal interest rate.
The long term interest rate is the return on 10-years Government bonds; the short term interest rate is the 3-months return on monetary markets;
• XR = excess return on equities, defined as the difference between the percentage change in the share prices index and the short run interest rate; 8
• LTRIR = long term real interest rate, defined as the difference between the long term rate and the corresponding annual rate of change of producer prices.
The model also includes the following dummy variables:
• DUMGERUN (=1 in 1990 and 1991), to capture the boom in German industrial activity after the process of German unification;
• DUMEMU (=1 after 1999), to capture the effects of the creation of EMU;
• DUMIT96 (=1 in 1996), to capture the effects of countercyclical activity in Italy, due to the effects of the Lira appreciation before its return into the EMS. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 We report in Table 3 the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 0.0369 ∆ log(Ipi(-1)) 0.1643 ∆ log(Ipi(-1)) -0.0790 ∆ log(Ipi(-2)) 0.2081** ∆ log(Ipi(-2)) -0.0039 ∆ log(Ipi(-2)) 0.0143 ∆ log(Ipi(-3)) 0.1672* ∆ log(Ipi(-3)) 0.0426 ∆ log(Ipi(-3)) -0.2680** ∆ log(Ipf(-1)) -0.6075** ∆ log(Ipf(-1)) 0.1734 ∆ log(Ipf(-1)) -0.1524* ∆ log(Ipf(-2)) -0.3037** ∆ log(Ipf(-2)) 0.3513** ∆ log(Ipf(-2)) -0.0533 ∆ log(Ipf(-3)) -0.0953 ∆ log(Ipf(-3)) 0.3321** ∆ log(Ipf(-3)) -0.0033 ∆ log(Ipg(-1)) 0.0132 ∆ log(Ipg(-1)) -0.5141** ∆ log(Ipg(-1)) 0.0236 ∆ log(Ipg(-2)) -0.0171 ∆ log(Ipg(-2)) -0.3375** ∆ log(Ipg(-2)) -0.0176 ∆ log(Ipg(-3)) 0.0215 ∆ log(Ipg(-3)) -0.0999 ∆ log(Ipg(-3)) 0.1204* ∆ log(ICIG(-1)) 0.0653* ∆ log(ICIG(-1)) 0.1365** ∆ log(ICIG(-1)) 0.0322 ∆ log(ICIG(-2)) 0.0921** ∆ log(ICIG(-2)) 0.01144* ∆ log(ICIG(-2)) 0.0339 ∆ log(ICII(-1)) -0.0019 ∆ log(ICII(-1)) -0.0511 ∆ log(ICII(-1)) 0.0497* ∆ log(ICII(-3)) -0.0065 ∆ log(ICII(-3)) -0.0556 ∆ log(ICII(-3)) 0.0517* XRF(-3) 0.0003* XRF(-3) 0.0002 XRF(-3) 0.0001 XRI(-2) 0.0000 XRI(-2) -0.0001 XRI(-2) 0.0002* ∆(LTRIRI(-6)) -0.0014 ∆(LTRIRI(-6)) -0.0021 ∆(LTRIRI(-6)) -0.0034** ∆ (SpreadI(-3 of industrial activity. The spread between the long and the short term interest rate also appears to be a good leading indicator of the pace of economic activity in the case of the Italian economy: the sign is positive, as expected, indicating that an opening spread supplies information about a likely upsurge in business cycle trends. The long term real interest rate, with a lag of six months, appears to have a significant negative effect on industrial output, as expected: in the case of Italy, this effect may be a consequence of the high level of firms' external indebtedness, mainly used to finance their investment plans.
Finally, in the Italian case, two dummies appear significant in explaining the dynamics of industrial production: a first one, in an opposite way with respect to Germany, indicates the negative effects of the creation of EMU on exports and production (mainly through the loss of competitiveness); a second one, instead, is meant to capture the countercyclical negative effects on industrial activity of the appreciation of the Lira in 1996, subsequent to the strong depreciation of 1995 and targeted to the goal of re-entering the EMS in November 1996 and joining EMU two years later.
Besides, we note that for all three countries the current growth rate of industrial activity 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w depends negatively upon its own lagged rates and positively upon foreign lagged IP growth rates: such evidence is probably attributable to the beneficial effects of the deepening process of European economic integration and interdependence that has taken place after 1990.
Specification Tests of Marginals and Copula Models
The Ljung-Box tests on the standardized residuals in levels and squares reported in Table   3 highlight no misspecification in the conditional mean and variance.
We tested the goodness-of-fit of the models employed for the conditional marginal distributions by using the specification tests discussed in Granger et al. (2006) : we used the Kolmogorov-Smirnov test for density specification, together with the "Hit" test in order to test jointly for the adequacy of the dynamics and the density specifications in the marginal distribution models. The latter test divides the support of the density into regions, R i , and then applies interval forecast evaluation techniques to each region separately, and then to all regions jointly. Following Granger et al. (2006) , we break the support of the three probability integral transforms t 1,t (η 1,t ; ν 1 ), t 2,t (η 2,t ; ν 2 ), and t 3,t (η 3,t ; ν 3 ) into 5 regions:
[0,0.1], (0.1,0.25], (0.25,0.75], (0.75,0.9] and (0.9,1]. We then construct "hit" variables for each region and marginal series, as Hit the hit variable. We used the first three lags of the three hit variables for the same region (i.e., Hit t 1 i,t−i , Hit t 2 i,t−i , and Hit t 3 i,t−i , with i = 1, 2, 3) to capture serial correlation 9 . Under the null hypothesis that the density models are well specified the test statistic is a χ 2 10 random variable. To test all regions jointly we estimated a multinomial logit model, with the same specifications for each region as for the individual tests. The test statistic for the joint test is a χ 2 40 under the null hypothesis. The p-values for each test statistic are presented in Table 5 .
All the three marginals passed the joint tests and all individual region tests at the 0.05 level, thus highlighting that the three marginals are correctly specified. Testing for marginal distribution model misspecification is a critical step in constructing multivariate distribution models using copulas, since if we use a misspecified model for the marginal distributions, then the probability integral transforms will not be Uniform(0, 1), and so any copula model will automatically be misspecified.
We finally performed a goodness-of-fit test of our parametric Normal copula model by 9 We also tried adding other lagged variables as well as exogenous variables. None of these changes affected the final conclusion. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 10 , which is based on the multivariate probability integral transform and kernel density estimation of univariate density functions. The normal copula is not rejected with a p-value of 0.66. This result confirmed an (unreported) estimation of the t-copula whose degrees of freedom were equal to 32, which is no more distinguishable from a normal copula.
Forecasting Exercises
In this section we perform some forecasting exercises about the monthly growth rates of IP series in order to assess the goodness of our approach. The competing models are the following ones: We remark that the multivariate Student's t distribution is a particular restriction on equation (2.2) that imposes a t-copula and Student's t marginals with the same degrees of freedom: imposing such a restriction when it is not the case results in biased coefficients.
We use the observations ranging between 1990:01 and 2002:12 as the first initialization sample, while those from 2003:01 till 2005:12 are used to perform 1-step ahead and 3-steps ahead forecasts. A summary of the forecasting performances is reported in Table 6 -7.
The two tables show that the copula-VAR model yields better forecasting statistics than the competing models for 1-step ahead and 3-step ahead forecasts with regards to France and Germany, while this is not the case for Italy: this result can be explained if we consider that the former two countries present the most leptokurtic distributions, as shown in table   3 . Besides, while the OLS estimator is a QML estimator and provides consistent estimates, 10 The first test can be used only with bivariate copulas. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 forecasting performance relative to a benchmark model, and the null hypothesis is that none of the competing models is better than the benchmark.
Let L(Y t ;Ŷ t ) denote the loss if one had made the prediction,Ŷ t , when the realized value turned out to be Y t . The performance of model k relative to the benchmark model (at time t), can be defined as:
The question of interest is whether any of the models k = 1, . . . , l is better than the benchmark model. To analyze this question Hansen (2005) formulates the testable hypothesis that the benchmark model is the best forecasting model. This hypothesis can be expressed parametrically as
For notational convenience, Hansen (2005) defines an l-dimensional vector µ by 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Since a positive value of µ k corresponds to model k being better than the benchmark, Hansen (2005) wants to test the hypothesis H 0 : µ k ≤ 0 for k = 1, . . . l. Therefore, the equivalent vector formulation is
One way to test this hypothesis is to consider the test statistic
The latter is estimated by using the bootstrap method. The superscript "sm" refers to standardized maximum. Under the regularity condition, Hansen (2005) shows that 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 The reported Hansen's SPA-consistent p-values show whether there is evidence against the hypothesis that the benchmark model is the best forecasting one. A low p-value (less that 0.10) means that the benchmark model is inferior to one or more of the competing models: the empirical results seem to highlight that the sample being analyzed does not yield evidence that any of the benchmarks can be outperformed, except for the case of France with 1-step ahead forecasts where only the copula model cannot be outperformed, and the multivariate t distribution with France and Italy. This confirms our previous discussion with forecasting performances reported in tables 6 -7.
Therefore, we can conclude that, overall, our forecasting exercises highlight the fact that a copula-VAR approach is a valuable tool when we deal with small samples and some (if not all) of the considered variables are strongly leptokurtic. Besides, differently from the multivariate t distribution, we remark that the copula approach keeps the computational tractability of a standard normal-VAR estimated with OLS, thanks to the 2-steps procedure described in section 2.1 which allows for the separate estimation of the parameters of the marginal distributions from the parameters of the copula.
Conclusions
This paper proposed a copula-VAR approach for the joint modelling of industrial production in the main EMU countries with a multivariate distribution different from the normal one. The empirical analysis examined French, German and Italian Industrial Production data. We found strong evidence that confidence variables are important leading indicators of industrial output for all three economies, while the long term real interest rate and the spread between long and short term interest rates were found to be marginally significant for Italy, only. Besides, the analysis highlighted the negative effects of the creation of EMU on Italian exports and production, and the opposite positive effects on German industrial activity, instead.
The forecasting exercises showed that a copula-VAR approach yields better forecasts when the considered marginals are strongly leptokurtic and we deal with small samples. Besides, such an approach allows for computational tractability thanks to 2-steps estimation procedures. While the VAR model estimated with OLS is a QML estimator and provides consistent estimates, its behavior in small samples like the one considered in this work can be rather poor. Furthermore, there are cases where QML estimators are biased, too (see Newey and Steigerwald, 1997) . Instead, imposing the multivariate t distribution when only the marginals are leptokurtic while the dependence structure is normal, results in biased coefficients and poor forecasting performances.
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